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An integrated structural/control design for the vibration suppression of a composite plate with segmented
piezoelectric (PZT) actuators is examined. The electric power used by the PZT materials becomes a very important
factor for real application to the control of flexible structures. The method to predict power required for the control
is presented, and the power is used as a part of the objective functions. The structural weight, the state error energy,
control energy, stability robustness, and the electric power required for vibration control are considered as the
objective function. Thelocations of the PZT actuators are considered as control design variables. The ply orientation
and thickness coefficients of the laminated composite plate are considered as structural design variables. The
improved compromise multiobjective optimization by using a reduction factor of performance indices is applied
to solve this optimization problem. The sequential linear programming method with move limits is used. The
sensitivity analysis, which is required in the optimization process, is performed for the eigenstructure assignment
control scheme and the performance indices with respect to the design parameters. The optimized results showed
a significant amount of reduction in the structural weight as well as the control performance indices. The required

electric power is also decreased.

I. Introduction

ARGE flexible space structures have very low natural frequen-

cies and damping and, therefore, an active control system is
required. The designs of the structure and the control systems are
usually carried out separately. The structure has been optimized
from a stiffness point of view to raise modal frequenciesas high as
possible within weight and load constraints, whereas the actuator lo-
cations have been selected to minimize the control energy. With the
recent increase in demand for structures having integrated control
systems, interaction between the structure and the control system
becomes an essential factor and plays an important role in the de-
sign. Because of the interaction between the control system and the
structure system, the simultaneousdesign for a flexible structure via
an optimization method has received much attention.! =8 Rao et al.’
provided a method of vibration control of flexible space structures
by simultaneously integrating structure design and control system
design.

A recent application of piezoelectric (PZT) materials for struc-
tural vibration suppressionhas added new dimensionsto the control
system. Because of the direct and converse effects of PZT mate-
rials, the dream of an intelligent structure, which is defined as a
structure with the integrated sensor/actuator system, is beginning
to be realized. Analytic and experimental studies for an induced
strain actuator coupled with beams and plates have been developed
by many authors.!°~!3 Hanagud et al.!® developed the optimal con-
trol algorithm that is applicable to flexible beam structures with
PZT sensors and actuators. The power prediction becomes an im-
portant issue in the application of the PZT materials. Several pa-
pers that addressed the prediction of power consumptionhave been
presented.!”-!® Our previousstudy has been extendedin this paper.'®
The objectiveis to presenta new approachfor an integratedoptimum
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design of the structure and control system, considering competing
structural/control design objectives. The segmented PZT actuators
are used for vibration control of the laminated composite plate. The
analysisof thelaminated composite wing with segmented piezoelec-
tric actuators is conducted by the Rayleigh-Ritz method. To design
the control system, a robust eigenstructure assignment scheme is
adopted.

Five structural/control cost functions, the structural weight, the
state error energy, control energy, stability robustness, and the elec-
tric power required for the control, are minimized over design vari-
ables, which include structural as well as control parameters. The
locations of the PZT actuators are considered as control design
variables. The ply orientation and the thickness coefficients of the
composite layers are considered as structural design variables. The
integrated structure/control design is formulated as a constrained
multiobjective optimization problem. For most structure/controlin-
teraction problems, a tradeoff between structural objective and con-
trol objective is needed. The improved compromise multiobjective
optimization by using a reduction factor of five design objectives
is applied to solve the optimization problem. Constraints are im-
posed on the natural frequency, tip displacement, and twist due to
pointloads. To solve the optimization problem, the sequentiallinear
programming method is utilized.

II. Modeling of Adaptive Structures

The laminated plate with eight PZT actuators, which are attached
onthe surface (as shownin Fig. 1), is takenas a model to be designed.
Forces and moments acting on the laminated composite plate with
segmented PZT actuators are derived by the classical laminate plate
theory.In-planeforces and moments of the laminated plateincluding
the loads of the PZT actuators are obtained by integrating stresses
over the ply thickness and, thus, are expressed as follows*:

N} = /{U}dz = [A, e} + [B,l{x} — {Na} o))

(M) = / {o)zdz = [B,){e} + (Dl — (M) ()

where {e¢} and {«} are the midplane strain and curvature; and
[A,], [Dy], and [ B,] are extension, bending, and extensionbending
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Fig. 1 Laminated plate model with PZT actuators.

coupling stiffness matrices, respectively. These matrices are influ-
enced by the geometry of the piezoactuators. {N,} and {M,} are
in-plane forces and moments due to actuator strain, respectively.

The Rayleigh-Ritz method involves assumption of the displace-
ment functions such that they satisfy the boundary conditions. For
the controlsystemdesignof a symmetric laminated plate model with
PZT actuators, the model is assumed to have the surface bonded
piezoelectricactuators on the opposite side of the plate at the same
location.Itis also assumed that the same magnitude but the opposite
direction of electric field is applied to the actuator so as to create
a pure bending moment for vibration suppression. With these as-
sumptions, the in-plane strains can be neglected. To approximate
the out-of-plane displacement on the model, we used the free-free
beam vibration modes in the x direction and the cantilever beam
vibration modes in the y direction.

Using these displacementfunctions, the strain energy and kinetic

energy can be written in generalized coordinates as!'7-?
U = 3{g)" (K Hq} — LQrllq} (3
= +{¢)7[M,]{4} G

ApplyingLagrange’s equationresultsin a setof ordinary differential
equations of motion. After the modal analysis, a model reductionis
performed using the first n, lowest vibration modes to obtain a set
of equations of motion in modal coordinates,

[M1{q} + [K, (G} = [F,1{u} 5)

where [M s]and [IES] are the generalizedmass and stiffnessmatrices
includingthe effectof the piezoelectricactuatorsplacementand [ F, |
is the control force matrix due to unit electric voltage. Introducing
the state vector{x}” = |§ ¢/, Eq. (5)canbe writtenas the following
state equation:

{x} = [Al{x} + [B{u} (6)
where

0 1 0
[A]=[ o ”}, [B]=[-[_1]-}
~[M'[K] (0] [M,]7'[F,]

and state vector {x} € R", controlvector{u} € R",n =2 x n,, and
m is the number of PZT actuators.In this study, the first 10 vibration
modes are used to obtain the reduced order model.

III. Control System Design
The eigenstructure assignment regulator (EAR) theory is em-
ployed to suppress the vibration with the smallest control effort. It
is assumed that all states are available for feedback. Consider the
completely controllable and observable linear dynamic system in
the state-space form

{(x} = [Al{x} + [B]{u} (M

with the linear feedback control
{u} = —[G]{x} ®)

The right and left eigenvalue problems of the closed-loop system
can be written as

([A] = [BIIG {9} = A{{o“):
([A] = [BIIGD" (¥} = A{{y°);

)

where {¢¢}; and {1}, are the right and left eigenvectors of the
closed-loop system, respectively, corresponding to the eigenvalue
A{. We adopt the conventional normalization of the biorthogonality
conditions for the eigenvectors as

{p) o) =1, v (o) =1 (10)
where ()7 denotes the transpose of the given vector.

The desired closed-loop eigenvalues are chosen by considering
the open-loop eigenvalues A{ as follows:

A=— Si)s

i I_l — Ciz

where J() denotes the imaginary part of the given value. By taking
the desired eigenvaluesas Eq. (11), the damping ratio ¢; is assigned
to the ith mode of the closed-loop system, and the imaginary part
that is related to the natural frequency is retained.

The pole placement algorithm based on Sylvester equation uti-
lizes the parameter vector {h}; defined by?!

+73() (11)

{h); = [Gl{g*): (12)

Substituting Eq. (12) into Eq. (9) yields the following Sylvester
equation:

(LA = A1) (¢} = [B1{h); (13)
or, in matrix form,
[Al[®] — [®][Ap] = [BI[H] (14)
where
(@] =[{¢. {6 ). ... 167}, ]
[Ap] =diag(h{ 25 -+ A7) (15)
(H] = [{hh. tha. ... (h}a])

Note that [A p] contains the desired closed-loop eigenvalues.

The main steps of robust eigenstructureassignment algorithm for
vibrationcontrol are summarizedas follows.2*>? First, selecta target
eigenvector [®7]. In vibration control problems, it is known that
open-loop eigenvectors are well conditioned and a good choice of
a family of admissible target vectors.2? The open-loop eigenvectors
are adopted as the target eigenvector. Second, compute [ H ] matrix
by solving the Sylvester equation in the least square sense,

[H] =B (Al[®7] — [®7][Ap]) (16)

where () is the pseudoinverse of the matrix (). Now, solve the
Sylvester equation (14) to obtain closed-loop eigenvector matrix
[®.] and, finally, compute the gain matrix using relation (12):

(Gl =[H][®.] a7n
An equivalentreal type Sylvester equation may be formulated >*

With this formulation, more accurate results can be obtained with
less numerical effort.
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IV. Power Required for the Control

The electric power required for vibration control is defined and
used as a part of the objective functions. The electric charge due to
the direct effect of the PZT materials is'”

Qi =k / Ds; dx dy = k[F,1" {g} +[D]{u} = [CI{x}+[D]{u}
A

(18)

The electric current flowing through the PZT actuators is obtained
by taking the time derivative of the electric charge stored due to the
direct effect of the PZT materials.

When the voltage {u} applied to the actuators and the measured
current {/} are given by

{u} = {Vo} sin(wr) (19)
{1} = {Ip} sin(wt + ¢) (20)

then the admittance matrix [ H ] of the open-loopsystemis expressed
in the following form!7:13;

[H(iw)] = (jo/k)I[CIjolI] = [A]I"'[B]1 +[D]]  (21)

For the calculation of the electric current, it is assumed that the
disturbance forces {u,} are exerted harmonically with a specified
amplitude on the surface of the PZT actuator:

{u,} = {V,} sin(wr) (22)

The amplitude {V,}, which is the signal obtained from the PZT
actuators with a charge amplifier, is expressed as

{V,} = k,[F, 1" {go} = [Cl{xo} (23)

Similarly, in the closed-loop system, if the voltage {V,} is ex-
erted harmonically on the surface of the PZT actuators due to a
disturbance, the current required for the control is expressed as'’

(I} = Go/k)[ICAGol — [AD'[BI+[DI](V,)  (24)

where [A.] = [A] — [B][G] and [C.] = [C] — [D][G].

The amplitude of the harmonic motion {x,} is given arbitrarily.
The electric power, which is the apparent power, is obtained from
Eq. (24) by multiplying the applied control voltage.

V. Integrated Structure/Control Design

Using the equations presented in the preceding sections, the
integrated optimal design is conducted for vibration suppression.
For most structure/controlinteraction problems, a tradeoff between
structural objectives and control objectivesis needed. In this paper,
the improved compromise multiobjective optimization is applied.
In the improved compromise multiobjective optimization method,
the objective function is expressed as follows’:

j(P)=\/iWi2

i=1

reJi(p)
(Jdmax — (L =rp)Ji(p)

(25)

where W; is the weighting factor for the ith objective function J;; r ¢
is the reduction factor; (J;)max 1S taken as the initial objective func-
tion value, which is evaluated by the given initial design variables;
and n; is the number of the objective functions.

The structuralobjective function J; is the weight of the composite
plate and is expressed as follows’:

nop
J =Z//ﬁti<x,y>dxdy (26)
xdJy

i=1

where p is density of the composite plate, #; (x, y) is the thickness
distribution of the ith ply, and nop denotes the number of the com-
posite layers.

State error energy, control energy, and measure of stability ro-
bustnessare selected for control objective functions® The state error
energy and the control energy are defined as follows:

J = / {x}'[Q,{x} dr 27
0

J3 =/ {(u} 10, 1{u} dt (28)
0

where the positive definite weightingmatrices [Q,] and [Q,, ] should
be selected to make the integrands correspond to physical energy
measures. These objective functions are easily evaluated by solving
the following Lyapunov matrix equations:

[PIIA] + [A T [P] +[Q,] = [0] (29)
[PI[A] + [A]" [P+ [G]'[Q.1IG] = [0] (30)
Rewriting J, and J; in terms of [ P,] and [P, ],
Jy = ([P ]1[Xo]) (3D
J3 = ([P Xo]D) (32)

where [X,] is a matrix defined by the outer product of initial condi-
tion, [Xo] = {xo}{xo}”, and tr() is the trace of the matrix. Note that
state error energy J, and control energy J; depend on initial states.
[X(] can be chosen to represent some a priori statistical covariance
of the distributionof initial conditions. We assume that the expected
initial stateis distributedover the unit sphere,and the identity matrix
is taken for matrix [X,].

Because the sensitivity of the eigenvalues due to perturbations
in the closed-loop system matrix depends on the condition number
of the eigenvector matrix, the condition number of the eigenvector
matrix is considered as a measure of stability robustness>:

L= @l (00|, = %

where o, and 0, denote the maximum and minimum singular values
of the matrix [®.], respectively, and || ||, represents the Euclidean
norm.

The electric power requirement for vibration suppression is also
considered as the objective function. The electric power required
for the control due to the harmonic disturbancesis expressed as

(33)

P@heg = o Veilo (34)

i=1

where V,; denotes the applied control voltage to the ith PZT actu-
ators due to the harmonic disturbance with initial magnitude {x}
and a specified frequency w and, therefore,

{Ve} = —[Gl{xo} (35)

The required total power is defined as the summation of the elec-
tric power with the assumption of harmonic disturbances with the
frequency ranging from 1 to 200 Hz:

200

Js =) P (36)

w=1

The total number of structural/control design variablesis 49. The
x and y coordinates of the eight PZT actuators, pzx; and pzy;, are
consideredas the controldesign variables.The thicknessdistribution
of the 6; layer is expressed as the following cubic equation using
thickness coefficients ci. «» and the ply orientation and the thickness
coefficients of the composite layer are considered as the structural
design variables:

3 J
L(x,y) = Z Zc;kxj_kyk 37

j=0k=0
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The 60 constraints considered are as follows.
1) There are 30 constraintson minimum ply thickness (minimum
strain gauge):

(%, y5) > 0, x =0,3,6, ¥ =0,6,12  (38)

2) The first three open-loop natural frequenciesare considered as
the constraints

i=1,2,3 (39)

w; > Wi,

where w;; denotes the lower bounds for the ith mode’s natural fre-
quency ;.

3) There are 28 constraints on the placement of the eight piezo-
electric actuators without overlapping:

|pzx; — pzx;| > 1.5 or |pzy; — pzy;l > 1.5

i=1,...,8,  j=i...,8 (40)

4) Constraints on static tip displacement as well as twist are con-
sidered to avoid too much flexibility to the structure.

There are also side constraints on the design variables for the ac-
tuators to be placed in the plate boundary. The numerical solution
to the nonlinear optimization problem is obtained by using the se-
quential linear programming method with move limits in the general
optimization program ADS.>*

VI. Sensitivity Analysis

The informationof the first-orderderivativesis required in the op-
timization process for iterative direction search. The partial deriva-
tives of the objective functions are evaluated by using the analytic
formulation.

Sensitivity of the Objective Functions
The partial derivative of the weight of the composite plate is
written as follows:

nop
AiJl =Z//K3Aztk(x»Y) dXdy (41)
k=1YXYYy

A, () denotes the partial derivatives of () with respect to the ith
elementof the design parameter. Note that the thicknessdistribution
of the composite plate #, (x, y) is expressed as a simple function of
x, y, and the thickness coefficient ¢;; (structural design variables),
asin Eq. (37).

The partial derivativesof the state error energy and controlenergy
can be obtained as follows®:

Aidy = 2u{[V][P][A AT (42)
ATy =2u{[VI([PIA AL + [GIT[Q,]AG])}  (43)
where [V ] satisfies the complementary Lyapunov equation
[AJIVI+ VA" = —[X,] (44)
and
[AA] = [A;A] - [A;B][G] — [B][A;G] (45)
Robust measure’s derivatives A; J; can be computed as follows>*:

(Ajo1)o, — o1(A0,)

2
Oy

Ay = (46)

with
Aoy =KUYV A @1{V})) (47)

where R() denotes the real part of the given value and {U}; and
{V}, are the right and left unitary vectors computed by singular
value decomposition of the closed-loop eigenvector matrix [P.],
where

[®.] = [UIZ]V]? (48)

Note that the closed-loop eigenvector also depends on the control
algorithm.

The partial derivative of the power requirementfor vibration con-
trol can be obtained as follows:

AJs = Z i{ﬂ't(S)m(AiS) +IOIAS))  (49)

[S|
where
S(@) = {In(@)} [Gl{xo} (50)
AS = {A L)} [Gl{xo} + {Lo} [A:Gl{xo} (5D

(AL} = (joo/k){[ACLjolT] — [AJ] ' [BIIC] + [C.]
x [A;(oll] = [AD T ]IBIC] + [CA[Ljol] — [A11™]
< [A;BIIC1+ [C[[jolI] — [A 7' |[BIACl}xe}  (52)
with

[AiC] = [A;C] = [D][A;G] (53)

[AGolII =AD" ] = lioll] — [AJI ' [AA]
x [joll]—[A]]™ (54)

The sensitivity of the system matrices [A; A], [A; B], and [A;C]
is calculated by finite difference.

Sensitivity Analysis of the EAR

The sensitivity analysis for EAR has been performed analytically
and is summarized as follows. First, the partial derivatives of the
open-loop eigenvalue and eigenvector’® and the closed-loop (de-
sired) eigenvalues are derived as follows:

Ao = ()] 1A A)(¢°); (55)
AR =—M +J3(a22) (56)

e
{a97), = ia,kwf’}k (57)

Py

where the aj; is given by
o= g WA Ak
== Xn:“ﬂkﬁ”}f {0}, j=k (58
17

Note that{¢°}; and {1/°}; are the normalizedopen-looprightandleft
eigenvectors, respectively. Because the open-loop eigenvectors are
used as the target eigenvector, {A;¢°}; represents the sensitivities
of the target eigenvector.

From Eq. (16), the sensitivity of the parameter matrix [A; H] can
be expressed as

[AiH] = [BI'{[A; Al[®r] + [A][A; @7] — [A;®7][Ap]
—[®71[Ai Apl} + [A; BI([A][®7] — [®71[Ap]) (59)

where [A; @] denotes the sensitivity of the target eigenvector and
can be computed using Egs. (57) and (58). The partial derivatives
of the pseudoinverse[A; B]' can be derived as follows:

[A;B]' = —{([BI"[B1}"'{[A,B)" [B] + [B1"[A; B1}

x{[BI"[BI}"'[B]" +{[BI"[B]}"'[A;B] (60)
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From Eq. (13), the partial derivative of the closed-loopeigenvec-
tor is obtained as follows:
-1
{aigc) = ((A1-25101) (1A BIthY, + [BY{ARY,;

J
+ AT, — [AAN(6°)) (61)

Finally, the partial derivative of the gain matrix is obtained from
Eq. (17):

[AG] = [AH]®] ™ = [H][®]7'[A@ [P ] (62)

The partial derivatives of the closed-loop eigenvector [A; ®.] and
gain matrix [A; G] are used to compute the sensitivities of the ob-
jective functions.

VII. Numerical Example

A plate model containing eight sets of piezoelectric actuators
is used as a model for the control system design. Each piezo-
actuator is 1.5 x 1.5 in. in size. The material properties used are
given in Table 1 (Ref. 19). The laminate has six symmetric layers
[61/62/65];. Initially, each layer has a uniform thickness of 0.03,
0.015, and 0.015 in., respectively. The initial ply orientations are
0; = 0, +45, —45, respectively. And the initial coordinates of the
piezoactuatorsare presented in Table 2. The structural weight, con-
trol objective functions, and electric power for the initial geometry
are J;=0.51b, J, =7.60 x 10*, J;=1.08 x 102, J, =1.02 x 10%,
and J5 =7.46 x 1072, respectively. Weighting factors W; in the ob-
jective functions are set to be 4, 4, 4, 4, and 1, respectively. These
values are given arbitrarily. The reduction factor r; is set as 0.5,
and the initial move limit is set as 0.25. This move limit is re-
duced to ensure automatic convergence in the optimization tool as
the optimization process continues. The constraints on natural fre-
quencies are reasonably set to be w; = 10, 30, and 70 Hz. The
constraints on closed-loop damping ratios are taken as ¢, =0.4,
£, =0.25, ¢4 = 0.25, ¢ = 0.18, ¢ = 0.18, and ¢ = 0.1 for the
higher modes. The static tip displacementand twist are not allowed
to be larger than 0.4 in. and 2.0 deg, respectively.

Figure 2 illustrates the iteration histories of the integrated struc-
ture/control objective function. The optimized values of the struc-
tural weight and control performanceindices are J;, =0.301b, J, =
5.04x10% J;=0.18 x 10", J; =0.53 x 10*, and Js =3.31 x 1072,
respectively. Figure 2 shows the reductionin the objective functions
of 40, 34, 83, 48, and 56%, respectively. The objective function J
converges to the final value of 0.807 from 2.236. The ply orien-
tations of the laminated plate are changed from [0/45/—45] deg
to [120.8/56.2/—41.1] deg. Natural frequencies w; for the initial
model are w; = 17.5,90.9, and 104.1 Hz. And those values changed
to 18.7,73.7,and 119.6 Hz are all inactive. The tip displacementand
twist are changed from 0.27 in. and 0.80 deg to 0.40 in. and 2.0 deg,
respectively. The constraints on the tip displacement and twist are

Table1 Material properties

Composite materials Piezoelectric materials

Ey = 14.21 x 10° psi
E> = 1.146 x 10° psi
Gy = 0.8122 x 10° psi
5 = 0.05491 Ib/in.3

Vi = 0.28

E, = 9.137 x 10° psi
pp = 0.281b/in3

v, =03

d31 = 6.5 x 1072 in./V
dx = 6.5 x 1072 in./V

Table 2 Piezoelectric actuator locations

PZT number Initial configuration Optimized configuration
1 (0.50,0.50) (0.77,0.53)
2 (0.50,2.50) (0.77,2.13)
3 (0.50,4.50) (1.25,4.73)
4 (0.50,6.50) (0.55,8.90)
5 (3.50,0.50) (4.07,0.09)
6 (3.50,2.50) (3.81,1.94)
7 (3.50,4.50) (4.09,3.46)
8 (3.50,6.50) (2.64,7.13)
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Fig.3 Iteration histories of the tip constraints due to unit load.

active (Fig. 3). Figure 4 shows the thickness distribution of the op-
timized configuration. It is thickest at the root and becomes thinner
toward the tip. The optimized locations of piezoelectric actuators
are shown in Fig. 5 and summarized in Table 2. As shown in Fig. 5,
one actuator is placed at the tip and the leading-edge region. The
other actuator sets are made to approach the root region to control
the bending and twist motion more efficiently.

To compare the control performanceof optimized configurationto
that of initial model, the response and the control input histories are
plotted. The closed-looptime historiesof the tip displacementdue to
aninitial disturbanceare shownin Fig. 6. The correspondingcontrol
input voltages applied to PZT actuators for the control are shown in
Figs. 7 and 8. The optimized model shows the faster response time,
substantial reduction in vibration modes, and substantial decrease
in control voltages applied to PZT actuators. Figure 8 shows that
the optimized geometry is more efficient for vibration suppression.
There are also substantial savings in the required electric power for
vibration suppressionof structure through the optimization process.
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Fig.8 Controlvoltagesto the PZT actuators (optimized configuration).

VIII. Summary

The main objectiveis to proposea new simultaneousoptimumde-
sign of the structure and control system for vibration suppression.
To design the control system, a robust eigenstructure assignment
scheme is adopted. The locations of the eight piezoelectric actu-
ators are considered as the control design variables, and the ply
orientation and the thickness coefficients of the composite layer are
considered as the structural design variables. The method to predict
the power required for the control is presented, and the power is
used as a part of the objective functions. Constraints are imposed on
the natural frequency, static tip displacement, and twist due to point
loads. To perform an accurate and efficient optimization process,
a sensitivity analysis has been conducted for the eigenstructure as-
signment control scheme and performance indices. The integrated
structure/controldesign was formulatedas a constrainedmultiobjec-
tive optimization problem and solved via sequential linear program-
ming. The numerical results show that integrated optimum design
of a structure and a control system not only improves performance
but also reduces the cost of active control.
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